We consider a class of D-dimensional Lovelock models provided with a positive cosmological constant whose induced metric is given by the product of the metrics of a three-dimensional (external) and a (D -4)-dimensional (internal) maximally symmetric space. When all the Lovelock coefficients are non-negative, we show that these models admit classical solutions with a constant internal scale factor, and that for these solutions the evolution of the external dimensions can be described by a four-dimensional Einstein theory with a positive e8'ective Hilbert-Einstein coeKcient and nonnegative effective cosmological constant. In addition, we prove that the perturbative formalism for the treatment of the Lovelock model is always well defined in the region of the gravitational configuration space covered by the considered solutions with a constant internal scale factor. We also examine the dynamically generated four-dimensional theory that is obtained when the internal scale factor remains constant, and discuss the role played by the no-boundary condition in the corresponding process of reducing the degrees of freedom of the minisuperspace model. PACS number(s): 04.50.+h, 04.60.+n, 98.80.Dr 
I. INTRODUCTION
Unification field theories assume the existence of more than four dimensions in our Universe [1, 2] . The extra dimensions are necessary for the consistency of the physical theory [2) . However, these extra dimensions remain unobservable in our present Universe. A possible rnechanism for explaining this fact can be the compactification of all of these dimensions to Planck length scales. Of course, any tentative compactification mechanism that could be physically acceptable needs to be studied from the point of view of multidimensional cosmology.
In multidimensional frameworks there exists a most natural generalization of Einstein gravity which, on the other hand, seems to be related to the low-energy limit of stringy gravity [3] . This generalization is provided by Lovelock theories of gravity [4] . Unlike in Einstein theory, the Lovelock Lagrangian generally includes quadratic and higher-order corrections in the Riemann tensor. Actually, the Lovelock Lagrangian is formed up by a linear combination of dimensionally continued Euler forms, thus generalizing the Hilbert-Einstein Lagrangian [5] . The associated Lovelock gravitational equations can be formulated by means of the more general symmetric and conserved tensor constructed from the metric and its first and second spacetime derivatives [4] . This generic Lovelock tensor contains the Einstein tensor as a particular case, and in fact reduces to the latter when the spacetime possesses four dimensions. In addition, linearized Lovelock gravity (around Minkowski space) is ghost-free [5, 6] , and the number of gravitational degrees of freedom in Lovelock and Einstein gravity turns out to be the same [7] .
In this work we will concentrate on D-dimensional models in Lovelock gravity with the metric These models can provide classical solutions in which all the extra dimensions become spontaneously compactified. We will refer to the D -4 dimensions as the internal dimensions, while the rest of dimensions will be referred to as external. Of course, the existence of cosmological solutions with spontaneous compactification of the internal dimensions depends not only on the gravitational dynamics, but also on the specific matter content of the system. In this paper we will consider a simple Lovelock model with a positive cosmological term and no matter fields. Our study can be thought of as a preliminary step before analyzing more realistic cosmological models. Some Lovelock models with metric of the form (1.1) have been already considered in the literature [8 -10] . In most of the cases, only corrections in curvature up to quadratic or cubic order have been taken into account in the Lovelock Lagrangian, although certain cosmological models of the form (1.1) have been studied in generic Lovelock gravity, either with a constant (D -4)-torus as the internal space [11] , with static spaces both in the external and the internal dimensions [12] , or with a constant internal sphere and a external de Sitter space [12] .
In spite of the interest devoted to this type of Lovelock models, there exist serious difBculties in the straightforward application of Lovelock gravity to multidimensional cosmology. In generic Lovelock gravity, the relations between the time derivatives of the induced metric and the gravitational momenta cannot be global and singlevaluedly inverted in the whole gravitational configuration space [13] . Therefore 
Mi and Ms being given by the generic expression
we will demand that, in the studied classical solution, B,p (hp, f = 0) g 0.
Using (3.11) and (3.6), we finally attain the condition for the existence of an admissible solution with constant internal scale factor: g 8 py(g, hp, f = 0) = hpOyp"(g, hp, f = 0), (3.12) with hp and g satisfying relation (3.7) and inequality (s.ii).
On the other hand, it can be checked that, when (3.11) is verified, equations of motion (2.14) are equivalent to the time derivative of the Hamiltonian constraint (3.7) and condition (3.12 (3.9) . Expressions as (3.7) and (3.13), restricted to the case k = 0 and A = 0, were found by Deruelle and Farina-Busto [12) .
We notice that relation (3.13) is in general quadratic in g, except for Einsteinian gravity, where c(hp) identically vanishes. Taking into account that, from (3.7), [19, 20] .
As to the former requirement, it is easy to check from the first expression in (3.8) (3.20) in (3.7) we obtain the relation that must satisfy the internal scalar curvature hp and the D-dimensional cosmological constant A of the model: (3.22) Hence, the D-dimensional cosmological constant must be non-negative if we want any of the considered solutions with constant internal scale factor to exist.
Finally, using (2.19), (3.17) and (3.21) [16] . In this section we will prove that this perturbative formalism is well defined in the whole region of the gravitational configuration space covered by the constant internal scale factor solutions analyzed in Sec. III. (2.6) and (2,7) and g and h the identity transformations) [16] . Also, the perturbative inversion of the Hamiltonian constraint and one of the gravitational momenta can always be well defined in such a way that its range contains any simply connected region around the origin of the space (x, y, g, h) in which the Jacobian (4.1) never vanishes and which satisfies the following in addition. On the other hand, the images of 0 under (p"p",g, ti), (p"p, g, ti) and (p", p, g, h) are simply connected. 0 be- [16] .
The case D = 5 is somewhat special, for the perturbative inversion of the Hamiltonian constraint and momentum p~i s then single-valued. Nevertheless, the constraint associated with that single-valued inversion can indeed be obtained from the perturbative inversion of the derivatives-momenta relations [16] . Therefore, it suffices in this case to show that the latter inversion is well defined.
Let us consider then the region of the gravitational configuration space covered by the analyzed solutions with constant internal scale factor, which is given by 0 = ((x, y, g, h)/xz+g = gp(h), y = O, g & 0, ti c 6), (3.24 We can nevertheless eliminate the dependence on bp coming from the initial boundary of the D-dimensional manifold by adopting a no-boundary condition for the wave function (5.9) [20, 24] . We will demand the vanishing of both the initial value of a(t) and then of the corresponding initial boundary. This no-boundary condition can always be implemented in the analyzed Ddimensional minisuperspace model, as any spatial section of our manifold is the product of a three-dimensional and a (D -4)-dimensional spheres and hence is cobordant to zero [21, 25] .
The Lovelock action (5.6) had been obtained by adding surface terms corrections which are due to the existence of boundaries. Our no-boundary condition implies that the surface terms corresponding to the initial boundary should be substracted from action (5.6) . For instead of bp. We adopt from now on this type of compact notation. We proved in Sec. IV that the perturbative inversion of the derivatives-momenta relations (2.6) and (2.7) is well defined all over the region ((pox, y, g, h), pox, y, g, h), g, h)/x = +Qg~(hp) -a 2, y = 0, g = a )0,h = hp )0). 
VI. CONCLUSIONS
In this paper we have considered a class of Ddimensional Lovelock models with an induced metric given by the product of the metrics of a three-dimensional external and a (D -4)-dimensional internal maximally symmetric space, both of them spherically symmetric or flat. We have first presented the Lovelock action and dynamical equations of motion for these models, discussing then the possible existence of classical solutions with a constant internal scale factor.
We have concentrated on Lovelock theories with nonnegative coefBcients provided with a positive cosmological constant. By tuning the D-dimensional cosmological constant, these theories admit classical solutions with any constant and real value of the internal scale factor. At least when the total dimension of the spacetime is not too high, we have seen that the D-dimensional cosmological constant of the model determines the constant value of the internal scalar curvature, which gives the internal scale factor in the mentioned classical solutions. For such solutions, the dynamical evolution of the external dimensions turns out to be described by an efFective four-dimensional Einstein theory. The associated efFective Hilbert-Einstein coefficient is strictly positive for all the considered solutions with constant internal scale factor, and the effective four-dimensional cosmological constant is always non-negative. These two effective constants of the dynamically generated four-dimensional model depend only on the constant value taken by the internal scalar curvature, and this dependence has been shown to be polynomial.
On the other hand, we have proved that the perturbative formalism of Lovelock gravity [14, 16] can be implemented in the studied models at least in the whole region of the gravitational configuration space which is covered by the considered solutions with constant internal scale factor.
For the case of spherically symmetric spaces, we have analyzed the dynamically generated four-dimensional theory which is obtained by eliminating the degree of freedom of the internal scale factor, assumed to remain constant in the evolution.
The minisuperspace corresponding to this four-dimensional theory has the external scale factor as the only gravitational degree of freedom. We have solved the Wheeler-DeWitt equation of this reduced minisuperspace in the semiclassical approximation, and checked that the value of the obtained semiclassical action coincides with that of the D-dimensional Lovelock action of the associated classical solution with a constant internal scale factor. Moreover, the semiclassical action of this reduced minisuperspace, modified with corrections coming from a D-dimensional noboundary condition, turns out to contain implicit information about the no-boundary semiclassical action of the unreduced minisuperspace and its first derivative with respect to the internal scale factor, both evaluated at the constant value of the internal scale factor allowed by the classical evolution.
It is therefore possible that the no-boundary condition could play a relevant role in the process of freezing some of the degrees of freedom of the theory. In the models with a positive cosmological constant examined, we have seen that the surface corrections coming from the D-dimensional no-boundary condition do not van 
We want then to demonstrate that the Jacobian (4. 
